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Mixture of Normal Distributions and EM algorithm

Tatsuro AKAMINE'

EM algorithm for estimating category proportions is involved in Hasselblad (1966) method for estimating a mixture of
normal distributions. Although the convergence of EM algorithm is proved mathematically, the sufficient condition and
the necessary conditions are obtained for convergence of Hasselblad method. When proportion converges into 0 which
is outside of its range, strange phenomena occur. In this paper, Hasselblad method based on the strict iteration method
for a mixture of normal distributions, mathematical proof of EM algorithm by using Kullback-Leibler information
quantity, comparison with general maximization methods, numerical examples of bad convergence, and the special case
of a mixture of normal distributions which is difficult to apply EM algorithm are explained.
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Figure 2. Convergence of estimating methods for the body

length data of porgy (Table 4 of Akamine (1987)). Thick line,
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method, respectively.
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Table 1. Body length distribution of porgy (Akamine, 1987).
Class mark Frequency Class mark Frequency Class mark Frequency
7.5 7 15.5 1439 235 310
8.5 79 16.5 921 24.5 228
9.5 509 17.5 448 255 168
10.5 2240 18.5 512 26.5 140
11.5 2341 19.5 719 275 114
12.5 623 20.5 673 28.5 64
13.5 476 21.5 445 29.5 22
14.5 1230 22.5 341 30.5 0

Table 2. Example | of Hasselblad method with Table | data to estimate parameter p. Each symbol is explained in the
text.
No. of normal
distribution I 2 3 4 S 6 7
Initial value  p 0.05 0.3 0.2 0.08 0.02 0.15 0.2
u 11.001 15.29 19.704 23.445 27.262 10.75 11.25
o} 0.8732 1.1381 1.4139 1.6455 1.1603 1 I
After P 0.384 0.306 0.178 0.083 0.022 0.026 6.6x1078
10000 Q 1 1 1 I 1 1 0.99884
iterations ¥ 0.081 0.072 0.183 0.291 0.258 0.925 0.99884
D 0.081 0.072 0.183 0.291 0.258 0.925 1.00116
& A, IEH IR ip—>a>0 THanb, Q-1, B& BHIH DL,

VY¥=p<l&hb, 2L #HVMLLJMAO@;%QT
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Table 3. Example 2 of Hasselblad method with Table | data to estimate parameter p. All i are fixed in small number.
Each symbol is explained in the text.
No. of normal ~
distribution ! 2 3 4 )
Initial value  p 0.2 0.2 0.2 0.2 0.2
u 1 14.5 15 155 16
(e} 1 1 1 1 1
Solution P 0.548 3.4x1072% 2.5%107%0 2.8%X1072"F 0.452
Q 1 0.473 0.400 0.455 1
b 0.078 0.473 0.400 0.455 0.095
ey 0.078 2.112 2.502 2.199 0.095

Table 4. Example 3 of Hasselblad method with Table 1 data to estimate parameter p. All u are fixed in large number.

Each symbol is explained in the text.

No. of normal
distribution I 2 3 4 5
Initial value  p 0.2 0.2 0.2 0.2 0.2

1 35 36 37 38 39

o 1 1 1 1 1
After p 1 2.2x107" 1.5x107% 2.6X107% 3.7x107%
3 Q 1 1.3%x1073 5.3%x107Y 1.4X107"2 1.6X107'°
iterations y 0 1.3x107° 5.3%x107° 1.4X107"2 1.6X1071¢

@ 0 76679 1.9%108 7.3x10" 6.5%10"
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Table 5.

Example 4 of Hasselblad method with Table
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Figure 3. Example of estimation for the mixture of normal dis-
tributions under the condition o= o+ (Table 5). Closed
circles, thick line, and thin lines indicate data distribution,
mixture of normal distributions, and each normal distribu-
tion, respectively.

I data to estimate all parameters. This is the special case in

which o= o+ f3, and both parameter is estimated as ¢=0.05514, $=0.27262.

No. of normal ~

distribution ! 2 3 4 5

Solution p 04115 0.3043 0.1686 0.0743 0.0412
il 11.005 15.293 19.600 22.780 26.203
(o 0.8794 1.1159 1.3534 1.5287 1.7175
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